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Abstract. The BRST transformations for the Yang-Mills gauge fields in the presence of gravity
with torsion are discussed by using the so-called Maurer-Cartan horizontality conditions. With
the help of an operator δ which allows to decompose the exterior spacetime derivative as a
BRST commutator we solve the Wess-Zumino consistency condition corresponding to invariant
Chern-Simons terms and gauge anomalies.
1Work supported in part by the “Fonds zur Fo¨rderung der Wissenschaftlichen Forschung” under
Contract Grant Number P9116-PHY.
2Work supported in part by the “Fonds zur Fo¨rderung der Wissenschaftlichen Forschung” under
Contract Grant Number P10268-PHY.
1 Introduction
Gauge fields play an important role in many theories of physical interest, especially in the
unification of all fundamental interactions. Anomalies can occur when the symmetries of
the classical theory are not preserved at the quantum level. It is well-known that the search
of the invariant Lagrangians and of the anomalies corresponding to a given set of field
transformations can be done in a purely algebraic way by solving the BRST consistency
equation, a generalization of the famous Wess-Zumino consistency condition [1], in the
space of the integrated local field polynomials.
This leads to study the non-trivial solutions of the following cohomology problem
s∆ = 0 , ∆ 6= s∆ˆ , (1.1)
where ∆ and ∆ˆ are integrated local field polynomials and s is the nilpotent BRST oper-
ator. Setting ∆ =
∫
A, condition (1.1) translates into the local equation
sA+ dQ = 0 , (1.2)
where Q is some local polynomial and d = dxµ∂µ denotes the exterior spacetime derivative
which, together with the BRST operator s, obeys:
s2 = d2 = sd+ ds = 0 . (1.3)
A is said non-trivial if
A 6= sAˆ+ dQˆ , (1.4)
with Aˆ and Qˆ local polynomials. In this case the integral of A on spacetime,
∫
A,
identifies a cohomology class of the BRST operator s and, according to its ghost number,
it corresponds to an invariant Lagrangian (ghost number zero) or to an anomaly (ghost
number one).
The local equation (1.2), due to the relations (1.3) and to the algebraic Poincare´
Lemma [2, 3], is easily seen to generate a tower of descent equations
sQ+ dQ1 = 0
sQ1 + dQ2 = 0
.....
.....
sQk−1 + dQk = 0
sQk = 0 , (1.5)
with Qi local field polynomials.
As it has been well-known for several years, these equations can be solved by using a
transgression procedure based on the so-called Russian formula [4, 5, 6, 7, 8, 9, 10, 11, 12,
13]. More recently an alternative way of finding non-trivial solutions of the ladder (1.5)
has been proposed by S.P. Sorella and successfully applied to the study of the Yang-Mills
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gauge anomalies [14]. The method is based on the introduction of an operator δ which
allows to express the exterior derivative d as a BRST commutator, i.e.:
d = −[s, δ] . (1.6)
One easily verifies that, once the decomposition (1.6) has been found, successive applica-
tions of the operator δ on the polynomial Qk which solves the last equation of the tower
(1.5) give an explicit non-trivial solution for the higher cocycles Qk−1, .....,Q1,Q, and A.
Remark however, that in the case of pure Yang-Mills gauge theory the algebra between
the operators d,s and δ is not closed [14]. In order to close the algebra, one has to introduce
a further operator G defined by the following commutator relation:
2G = [d, δ] . (1.7)
In our case of a Yang-Mills gauge theory in curved spacetime with torsion this G-operator
does not appear, because of the explicit presence of diffeomorphisms.
The decomposition (1.6) represents one of the most interesting features of the topo-
logical field theories [15, 16] and of the bosonic string and superstring in the Beltrami
and Super-Beltrami parametrization [17]. Actually, one has also found that the operator
δ corresponds to a vector supersymmetry in Witten’s topological Yang-Mills field the-
ory [18]. A further remarkable fact is that solving the last equation of the tower (1.5) is
only a problem of local BRST cohomology instead of a modulo-d one. One sees then that,
due to the operator δ, the study of the cohomology of s modulo d is essentially reduced to
the study of the local cohomology of s which, in turn, can be systematically analyzed by
using the powerful technique of the spectral sequences [19]. Recently, as proven in [20],
the solutions obtained by utilizing the decomposition (1.6) turn out to be completely
equivalent to that based on the Russian formula, i.e. they differ only by trivial cocycles
(see also [13]).
The aim of this work is twofold. In a first step it will be demonstrated that the
decomposition (1.6) can be successfully extended to Yang-Mills gauge theory in a curved
spacetime, and that it holds also in the presence of torsion. In the second step, we will see
that the operator δ gives an elegant and straightforward way of classifying the cohomology
classes of the full BRST operator in any spacetime dimension. As shown in [21, 22], the
eq.(1.6) allows a cohomological interpretation of the cosmological constant, of Lagrangians
for pure Einstein gravity and generalizations including also torsion, as well as gravitational
Chern-Simons terms and anomalies. The incorporation of scalar matter fields and Weyl
transformations has been done in [22], where one can also find a discussion of Weyl
anomalies. Here we want to concentrate us on Chern-Simons terms and gauge anomalies.
The further analysis is based on the geometrical formalism introduced by L. Baulieu
and J. Thierry-Mieg [5, 7] which allows to reinterpret the BRST transformations as
Maurer-Cartan horizontality conditions. In particular, this formalism turns out to be
very useful in the case of gravity [5, 7], since it naturally includes the torsion. In addition,
it allows to formulate the diffeomorphism transformations as local translations in the tan-
gent space by means of the introduction of the ghost field ηa = ξµeaµ where ξ
µ denotes the
usual diffeomorphism ghost and eaµ is the vielbein
3.
3As usual, Latin and Greek indices refer to the tangent space and to the Euclidean spacetime.
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We recall also that the BRST formulation of gravity with torsion has already been
proposed by [24, 25] in order to study the quantum aspects of gravity. In particular,
the authors of [25] discussed a four dimensional torsion Lagrangian, with GL(4, R) as the
gauge group, which is able to reproduce the Einstein gravity in the low energy limit. These
BRST transformations could be taken as the starting point for a purely cohomological
algebraic analysis without any reference to a particular Lagrangian. Furthermore, our
choice of adopting the Maurer-Cartan formalism is due to the fact that when combined
with the introduction of the translation ghost ηa it will give us the possibility of a fully
tangent space formulation of gravity.
This step, as we shall see in details, will allow to introduce the decomposition (1.6) in
a very simple way and will produce an elegant and compact formula (see Section 3) for
expressing the whole solution of the BRST descent equations, our aim being that of giving
a cohomological interpretation of the Chern-Simons terms and of the gauge anomalies in
any spacetime dimension. Moreover, the explicit presence of the torsion T and of the
translation ghost ηa gives the possibility of introducing an algebraic BRST setup which
turns out to be different from that obtained from the analysis of Brandt et al. [12], where
similar techniques have been used.
Finally, we stress that we always refer to the elementary fields, i.e. the vielbein e, the
Lorentz connection ω, the Yang-Mills gauge field A, the Riemann tensor R, the torsion T ,
and the Yang-Mills gauge field strength F as unquantized classical fields, as done in [23],
which when coupled to some matter fields (scalars or fermions) give rise to an effective
action whose quantum expansion reduces to the one-loop order.
The paper is organized as follows. In Section 2 we will introduce the so-called Maurer-
Cartan horizontality conditions for Yang-Mills gauge fields in the presence of gravity with
torsion. In particular, the BRST transformations for local Lorentz rotations, diffeomor-
phisms, and gauge transformations are derived in a complete tangent space formalism. In
Section 3 the operator δ is introduced and we show how it can be used to solve the descent
equations (1.5). Furthermore, one can find a discussion about the geometrical meaning
of the decomposition (1.6). Section 4 is devoted to the study of the Chern-Simons terms
and gauge anomalies in any dimension. In Section 5 we briefly discuss the appearance of
the G-operator (1.7) and some detailed calculations are given in the final Appendices.
2 Maurer-Cartan horizontality conditions
The aim of this section is to derive the set of BRST transformations for the Yang-Mills
gauge fields in the presence of gravity with torsion from Maurer-Cartan horizontality
conditions [5, 7]. In a first step this geometrical formalism is used to discuss the simpler
case of non-abelian Yang-Mills theory [26].
3
2.1 Pure Yang-Mills gauge field theory
The BRST transformations of the 1-form gauge connection AA = AAµdx
µ and the 0-form
ghost field cA are given by 4
sAA = dcA + fABCcBAC ,
scA =
1
2
fABCcBcC , (2.1)
with
s2 = 0 , (2.2)
where fABC are the structure constants of the corresponding gauge group G. As usual,
the adopted grading is given by the sum of the form degree and of the ghost number.
In this sense, the fields AA and cA are both of degree one, their ghost number being
respectively zero and one. A p-form with ghost number q will be denoted by Ωqp, its total
grading being (p+ q). The 2-form field strength FA is given by
FA =
1
2
FAµνdx
µdxν = dAA +
1
2
fABCABAC , (2.3)
and
dFA = fABCFBAC , (2.4)
is its Bianchi identity. In order to reinterpret the BRST transformations (2.1) as a Maurer-
Cartan horizontality condition we introduce the combined gauge-ghost field
A˜A = AA + cA , (2.5)
and the generalized nilpotent differential operator
d˜ = d− s , d˜2 = 0 . (2.6)
Notice that both A˜A and d˜ have degree one. The nilpotency of d˜ in (2.6) just implies the
nilpotency of s and d, and furthermore fulfills the anticommutator relation
{s, d} = 0 . (2.7)
Let us introduce also the degree-two field strength F˜A:
F˜A = d˜A˜A +
1
2
fABCA˜BA˜C , (2.8)
which, from eq.(2.6), obeys the generalized Bianchi identity
d˜F˜A = fABCF˜BA˜C . (2.9)
The Maurer-Cartan horizontality condition reads then
F˜A = FA . (2.10)
Now it is very easy to check that the BRST transformations (2.1) can be obtained from
the horizontality condition (2.10) by simply expanding F˜A in terms of the elementary
fields AA and cA and collecting the terms with the same form degree and ghost number.
4Here, capital Latin indices are denoting gauge indices.
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2.2 Yang-Mills gauge fields in the presence of gravity
In order to generalize the horizontality condition (2.10) to the case of Yang-Mills gauge
fields in the presence of gravity let us first specify the functional space the BRST operator
s acts upon. The latter is chosen to be the space of local polynomials which depend on the
1-forms (ea, ωab, A
A), where ea, ωab, and A
A being respectively the vielbein, the Lorentz
connection, and the Yang-Mills gauge field
ea = eaµdx
µ ,
ωab = ω
a
bµdx
µ ,
AA = AAµdx
µ , (2.11)
and on the 2-forms (T a, Rab, F
A), whereby T a, Rab, and F
A denoting the torsion, the
Riemann tensor, and the Yang-Mills field strength
T a =
1
2
T aµνdx
µdxν = dea + ωabe
b = Dea ,
Rab =
1
2
Rabµνdx
µdxν = dωab + ω
a
cω
c
b ,
FA =
1
2
FAµνdx
µdxν = dAA +
1
2
fABCABAC , (2.12)
with the covariant derivative
D = d+ ω + A . (2.13)
The tangent space indices (a, b, c, ...) in eqs.(2.11) and (2.12) are referred to the group
SO(N), N being the dimension of the Euclidean spacetime.
Applying the exterior derivative d to both sides of eq.(2.12) one gets the Bianchi
identities
DT a = dT a + ωabT
b = Rabe
b ,
DRab = dR
a
b + ω
a
cR
c
b − ω
c
bR
a
c = 0 ,
DFA = dFA + fABCABFC = 0 . (2.14)
To write down the gravitational Maurer-Cartan horizontality conditions for this case
one introduces a further ghost, as done in [5, 7], the local translation ghost ηa having
ghost number one and a tangent space index. As explained in [7], the field ηa represents
the ghost of local translations in the tangent space. See also the discussion of [27] based
on an affine approach to gravity.
The local translation ghost ηa can be related [7] to the ghost of local diffeomorphism
ξµ by the relation
ξµ = Eµa η
a , ηa = ξµeaµ , (2.15)
where Eµa denotes the inverse of the vielbein e
a
µ, i.e.
eaµE
µ
b = δ
a
b ,
eaµE
ν
a = δ
ν
µ . (2.16)
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Proceeding now as for the pure Yang-Mills case, one defines the nilpotent differential
operator d˜ of degree one:
d˜ = d− s , (2.17)
and the generalized vielbein-ghost field e˜a, the extended Lorentz connection ω˜ab, and the
generalized non-abelean Yang-Mills gauge field A˜
e˜a = ea + ηa ,
ω˜ab = ω̂
a
b + θ
a
b ,
A˜A = ÂA + cA , (2.18)
where ω̂ab and Â
A are given by
ω̂ab = ω
a
bme˜
m = ωab + ω
a
bmη
m ,
ÂA = AAme˜
m = AA + AAmη
m , (2.19)
with the 0-forms ωabm
5 and AAm defined by the expansion of the 0-form connection ω
a
bµ
and the 0-form Yang-Mills gauge field AAµ in terms of the vielbein e
a
µ, i.e.:
ωabµ = ω
a
bme
m
µ ,
AAµ = A
A
me
m
µ . (2.20)
As it is well-known, the last formulas stem from the fact that the vielbein formalism
allows to transform locally the spacetime indices of an arbitrary tensor Nµνρσ... into flat
tangent space indices Nabcd... by means of the expansion
Nµνρσ... = Nabcd...e
a
µe
b
νe
c
ρe
d
σ... . (2.21)
Vice versa one has
Nabcd... = Nµνρσ...E
µ
aE
ν
bE
ρ
cE
σ
d ... . (2.22)
According to eqs.(2.12), the generalized torsion field, the generalized Riemann tensor, and
the generalized Yang-Mills field strength are given by
T˜ a = d˜e˜a + ω˜abe˜
b = D˜e˜a ,
R˜ab = d˜ω˜
a
b + ω˜
a
cω˜
c
b ,
F˜A = d˜A˜A +
1
2
fABCA˜BA˜C , (2.23)
and are easily seen to obey the generalized Bianchi identities
D˜T˜ a = d˜T˜ a + ω˜abT˜
b = R˜abe˜
b ,
D˜R˜ab = d˜R˜
a
b + ω˜
a
cR˜
c
b − ω˜
c
bR˜
a
c = 0 ,
D˜F˜A = d˜F˜A + fABCA˜BF˜C = 0 , (2.24)
with
D˜ = d˜+ ω˜ + A˜ (2.25)
5Remark that the 0-form ωa
bm
does not possess any symmetric or antisymmetric property with respect
to the lower indices (bm).
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the generalized covariant derivative.
With these definitions the Maurer-Cartan horizontality conditions for the Yang-Mills
gauge fields in the presence of gravity (with non-vanishing torsion) may be expressed in
the following way: e˜ and all its generalized covariant exterior differentials can be expanded
over e˜ with classical coefficients,
e˜a = δab e˜
b ≡ horizontal , (2.26)
T˜ a(e˜, ω˜) =
1
2
T amn(e, ω)e˜
me˜n ≡ horizontal , (2.27)
R˜ab(ω˜) =
1
2
Rabmn(ω)e˜
me˜n ≡ horizontal , (2.28)
F˜A(A˜) =
1
2
FAmn(A)e˜
me˜n ≡ horizontal . (2.29)
Through eq.(2.21), the 0-forms T amn, R
a
bmn, and F
A
mn are defined by the vielbein expansion
of the 2-forms of the torsion, the Riemann tensor, and the Yang-Mills field strength of
eq.(2.12),
T a =
1
2
T amne
men ,
Rab =
1
2
Rabmne
men ,
FA =
1
2
FAmne
men , (2.30)
and the 0-form Dm of the covariant exterior derivative D is given by
D = emDm . (2.31)
Notice also that eqs.(2.19) are nothing but the horizontality conditions for the Lorentz
connection and the Yang-Mills gauge field expressing the fact that ω̂ and Â themselfs can
be expanded over e˜.
Eqs.(2.26)-(2.29) define the Maurer-Cartan horizontality conditions for the Yang-Mills
gauge fields in the presence of gravity and, when expanded in terms of the elementary
fields (ea, ωab, A
A, ηa, θab, c
A), give the nilpotent BRST transformations corresponding to
the diffeomorphism transformations, the local Lorentz rotations, and the gauge transfor-
mations.
For a better understanding of this point let us discuss in details the horizontality con-
dition (2.27) for the torsion. Making use of eqs.(2.17), (2.18), (2.19) and of the definition
(2.23), one verifies that eq.(2.27) gives
dea − sea + dηa − sηa + ωabe
b + θabe
b
+ ωabη
b + θabη
b + ωabmη
meb + ωabmη
mηb
=
1
2
T amne
men + T amne
mηn +
1
2
T amnη
mηn , (2.32)
from which, collecting the terms with the same form degree and ghost number, one easily
obtains the BRST transformations for the vielbein ea and for the ghost ηa:
sea = dηa + ωabη
b + θabe
b + ωabmη
meb − T amne
mηn ,
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sηa = θabη
b + ωabmη
mηb −
1
2
T amnη
mηn . (2.33)
These equations, when rewritten in terms of the variable ξµ of eq.(2.15), take the more
familiar form
seaµ = θ
a
be
b
µ + Lξe
a
µ ,
sξµ = −ξλ∂λξ
µ, (2.34)
where Lξ denotes the ordinary Lie derivative along the direction ξµ, i.e.
Lξe
a
µ = −ξ
λ∂λe
a
µ − (∂µξ
λ)eaλ . (2.35)
It is apparent now that eq.(2.33) represents the tangent space formulation of the usual
BRST transformations corresponding to local Lorentz rotations and diffeomorphisms.
One sees then that the Maurer-Cartan horizontality conditions (2.26)-(2.29) together
with eq.(2.23) carry in a very simple and compact way all the information relative to
the gravitational Yang-Mills gauge algebra. It is easy indeed to expand eqs.(2.26)-(2.29)
in terms of ea and ηa and work out the BRST transformations of the remaining fields
(ωab, A
A, T a, Rab, F
A, θab, c
A).
However, in view of the fact that we will use as fundamental variables the 0-forms
(ωabm, A
A
m, T
a
mn, R
a
bmn, F
A
mn) rather than the 1-forms ω
a
b and A
A and the 2-forms T a, Rab,
and FA let us proceed by introducing the partial derivative ∂a with indices in the tangent
space. According to the formulas (2.21) and (2.22), the latter is defined by
∂a ≡ E
µ
a ∂µ , (2.36)
and
∂µ = e
a
µ∂a , (2.37)
so that the intrinsic exterior differential d becomes
d = dxµ∂µ = e
a∂a . (2.38)
Let us emphasize that the introduction of the operator ∂a and the use of the 0-forms
(ωabm, A
A
m, T
a
mn, R
a
bmn, F
A
mn) allows for a complete tangent space formulation of the grav-
itational Yang-Mills gauge algebra. This step, as we shall see later, turns out to be
very useful in the analysis of the corresponding BRST cohomology. Moreover, as one
can easily understand, the knowledge of the BRST transformations of the 0-form sector
(ωabm, A
A
m, T
a
mn, R
a
bmn, F
A
mn) together with the expansions (2.20), (2.30) and the equation
(2.33) completely characterize the transformation law of the forms (ωab, A
A, T a, Rab, F
A).
We remark however that, contrary to the case of the usual spacetime derivative ∂µ,
the operator ∂a does not commute with the BRST operator due to the explicit presence
of the vielbein ea. One has:
[s, ∂m] = (∂mη
k − θkm − T
k
mnη
n − ωkmnη
n + ωknmη
n)∂k , (2.39)
and
[∂m, ∂n] = −(T
k
mn + ω
k
mn − ω
k
nm)∂k . (2.40)
Nevertheless, taking into account the vielbein transformation (2.33), one consistently
verifies that
{s, d} = 0 , d2 = 0 . (2.41)
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2.3 BRST transformations and Bianchi identities
Let us finish this chapter by giving, for the convenience of the reader, the BRST trans-
formations and the Bianchi identities which one can find by using the Maurer-Cartan
horizontality conditions (2.26)-(2.29) and from eqs.(2.23), (2.24) for each form sector and
ghost number.
• Form sector 2 (T a, Rab, F
A)
sT a = θabT
b + ωabkη
kT b − Rabη
b
+ ωabT
b
mne
mηn − Rabmne
bemηn + (dT amn)e
mηn
− T amne
mdηn + T amnT
mηn − T aknω
k
me
mηn ,
sRab = θ
a
cR
c
b − θ
c
bR
a
c + ω
a
ckη
kRcb − ω
c
bkη
kRac
+ ωacR
c
bmne
mηn − ωcbR
a
cmne
mηn + (dRabmn)e
mηn
+ RabmnT
mηn − Rabknω
k
me
mηn − Rabmne
mdηn ,
sFA = (dFAmn)e
mηn + FAmnT
mηn − FAmnω
m
ke
kηn − FAmne
mdηn
+ fABCcBFC + fABCABmη
mFC + fABCABFCmne
mηn . (2.42)
For the Bianchi identities one has
dT a + ωabT
b = Rabe
b ,
dRab + ω
a
cR
c
b − ω
c
bR
a
c = 0 ,
dFA + fABCABFC = 0 . (2.43)
• Form sector 1 (ea, ωab, A
A)
sea = dηa + ωabη
b + θabe
b + ωabmη
meb − T amne
mηn ,
sωab = dθ
a
b + θ
a
cω
c
b + ω
a
cθ
c
b + (dω
a
bm)η
m + ωabmdη
m
+ ωacω
c
bmη
m + ωacmη
mωcb − R
a
bmne
mηn ,
sAA = dcA + (dAAm)η
m + AAmdη
m + fABCABcC
+ fABCABACmη
m − FAmne
mηn . (2.44)
• Form sector 0, ghost number 0 (ωabm, A
A
m, T
a
mn, R
a
bmn, F
A
mn)
sωabm = −∂mθ
a
b + θ
a
cω
c
bm − θ
c
bω
a
cm − θ
k
mω
a
bk − η
k∂kω
a
bm ,
sAAm = −∂mc
A − fABCABmc
C − θkmA
A
k − η
k∂kA
A
m ,
sT amn = θ
a
kT
k
mn − θ
k
mT
a
kn − θ
k
nT
a
mk − η
k∂kT
a
mn ,
sRabmn = θ
a
cR
c
bmn − θ
c
bR
a
cmn − θ
k
mR
a
bkn − θ
k
nR
a
bmk − η
k∂kR
a
bmn ,
sFAmn = f
ABCcBFCmn − θ
k
mF
A
kn − θ
k
nF
A
mk − η
k∂kF
A
mn . (2.45)
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The Bianchi identities (2.43) are projected on the 0-form torsion T amn, on the 0-form
curvature Rabmn, and on the 0-form Yang-Mills field strength F
A
mn to give
dT amn = (∂lT
a
mn)e
l
= (Ralmn +R
a
mnl +R
a
nlm
− ωablT
b
mn − ω
a
bmT
b
nl − ω
a
bnT
b
lm
+ T aknT
k
ml + T
a
kmT
k
ln + T
a
klT
k
nm
− T aknω
k
lm − T
a
kmω
k
nl − T
a
klω
k
mn
+ T aknω
k
ml + T
a
klω
k
nm + T
a
kmω
k
ln
− ∂mT
a
nl − ∂nT
a
lm)e
l ,
dRabmn = (∂lR
a
bmn)e
l
= (−ωaclR
c
bmn − ω
a
cmR
c
bnl − ω
a
cnR
c
blm
+ ωcblR
a
cmn + ω
c
bmR
a
cnl + ω
c
bnR
a
clm
+ RabknT
k
ml +R
a
bkmT
k
ln +R
a
bklT
k
nm
− Rabknω
k
lm − R
a
bkmω
k
nl − R
a
bklω
k
mn
+ Rabknω
k
ml +R
a
bklω
k
nm +R
a
bkmω
k
ln
− ∂mR
a
bnl − ∂nR
a
blm)e
l ,
dFAmn = (∂lF
A
mn)e
l
= (fABCFBmnA
C
l + f
ABCFBnlA
C
m + f
ABCFBlmA
C
n
− FAknT
k
lm − F
A
klT
k
mn − F
A
kmT
k
nl
+ FAknω
k
ml + F
A
kmω
k
ln + F
A
klω
k
nm
− FAknω
k
lm − F
A
klω
k
mn − F
A
kmω
k
nl
− ∂mF
A
nl − ∂nF
A
lm)e
l . (2.46)
One has also the equations
dωabm = (∂nω
a
bm)e
n
= (−Rabmn + ω
a
cmω
c
bn − ω
a
cnω
c
bm
+ ωabkT
k
mn − ω
a
bkω
k
nm + ω
a
bkω
k
mn + ∂mω
a
bn)e
n ,
dAAm = (∂nA
A
m)e
n
= (−FAmn + f
ABCABmA
C
n + A
A
k T
k
mn
− AAk ω
k
nm + A
A
k ω
k
mn + ∂mA
A
n )e
n . (2.47)
• Form sector 0, ghost number 1 (ηa, θab, c
A)
sηa = ωabmη
mηb + θabη
b −
1
2
T amnη
mηn ,
sθab = θ
a
cθ
c
b − η
k∂kθ
a
b ,
scA =
1
2
fABCcBcC − ηk∂kc
A . (2.48)
• Algebra between s and d
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From the above transformations it follows:
s2 = 0 , d2 = 0 , (2.49)
and
{s, d} = 0 . (2.50)
Let us conclude this section by making a remark about the use of the variable ηa.
Observe that, when expressed in terms of ηa, the BRST transformation of the vielbein ea
in (2.44) starts with a term linear in the fields (i.e. the term dηa). This feature makes the
analogy between gravitational and gauge theories more transparent. Moreover, it suggests
that one may compute the local cohomology of the gravitational BRST operator without
expanding the vielbein ea around a background, as shown in [3, 13].
3 Decomposition of the exterior derivative
In this section we introduce the decomposition (1.6) and we show how it can be used to
solve the ladder (1.5). To this purpose we introduce the operator δ defined as
δηa = −ea ,
δφ = 0 for φ = (e, ω, A, T, R, F, θ, c) . (3.1)
It is easy to verify that δ is of degree zero and that, together with the BRST operator s,
it obeys the following algebraic relations:
[s, δ] = −d , (3.2)
and
[d, δ] = 0 . (3.3)
One sees from eq.(3.2) that the operator δ allows to decompose the exterior derivative
d as a BRST commutator. This property, as shown in [3], gives an elegant and simple
procedure for solving the equations (1.5).
Let us consider indeed the tower of descent equations which originates from a local
field polynomials ΩGN in the variables (e
a, ωabm, A
A
m, T
a
mn, R
a
bmn, F
A
mn, η
a, θab, c
A) and
their derivatives with ghost number G and form degree N , N being the dimension of the
spacetime,
sΩGN + dΩ
G+1
N−1 = 0
sΩG+1N−1 + dΩ
G+2
N−2 = 0
.....
.....
sΩG+N−11 + dΩ
G+N
0 = 0
sΩG+N0 = 0 , (3.4)
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with (ΩG+1N−1, ....,Ω
G+N−1
1 ,Ω
G+N
0 ) local polynomials which, without loss of generality, will be
always considered as irreducible elements, i.e. they cannot be expressed as the product
of several factorized terms. In particular, the ghost numbers G = (0, 1) correspond
respectively to an invariant Lagrangian and to an anomaly.
Thanks to the operator δ and to the algebraic relations (3.2)-(3.3), in order to find a
solution of the ladder (3.4) it is sufficient to solve only the last equation for the 0-form
ΩG+N0 . It is easy to check that, once a non-trivial solution for Ω
G+N
0 is known, the higher
cocycles ΩG+N−qq , (q = 1, ..., N) are obtained by repeated applications of the operator δ
on ΩG+N0 , i.e.
ΩG+N−qq =
δq
q!
ΩG+N0 , q = 1, ..., N , G = (0, 1) . (3.5)
Let us emphasize also that solving the last equation of the tower (3.4) is a problem of
local BRST cohomology instead of a modulo-d one. One sees then, by means of the
decomposition (3.2), that the study of the cohomology of s modulo d is reduced to the
study of the local cohomology of s. It is well-known indeed that, once a particular
solution of the descent equations (3.4) has been obtained, i.e. eq.(3.5), the search of the
most general solution becomes essentially a problem of local BRST cohomology.
Having discussed the role of the operator δ in finding explicit solutions of the descent
equations (3.4), let us turn now to the study of its geometrical meaning. As we shall see,
this operator turns out to possess a quite simple geometrical interpretation which will
reveal an unexpected and so far unnoticed elementary structure of the ladder (3.4).
Let us begin by observing that all the cocycles ΩG+N−pp (p = 0, ..., N) entering the
descent equations (3.4) are of the same degree (i.e. (G + N)), the latter being given by
the sum of the ghost number and of the form degree.
We can collect then, following [20], all the ΩG+N−pp into a unique cocycle Ω̂ of degree
(G+N) defined as
Ω̂ =
N∑
p=0
ΩG+N−pp . (3.6)
This expression, using eq.(3.5), becomes
Ω̂ =
N∑
p=0
δp
p!
ΩG+N0 , (3.7)
where the cocycle ΩG+N0 , according to its form degree, depends only on the set of 0-form
variables (ηa, θab, c
A, ωabm, A
A
m, T
a
mn, R
a
bmn, F
A
mn) and their tangent space derivatives ∂m.
Taking into account that under the action of the operator δ the form degree and the
ghost number are respectively raised and lowered by one unit and that in a spacetime of
dimension N a (N +1)-form identically vanishes, it follows that eq.(3.7) can be rewritten
in a more suggestive way as
Ω̂ = eδΩG+N0 (η
a, θab, c
A, ωabm, A
A
m, T
a
mn, R
a
bmn, F
A
mn) . (3.8)
Let us make now the following elementary but important remark. As one can see from
eq.(3.1), the operator δ acts as a translation on the ghost ηa with an amount given by
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(−ea). Therefor eδ has the simple effect of shifting ηa into (ηa − ea). This implies that
the cocycle (3.8) takes the form
Ω̂ = ΩG+N0 (η
a − ea, θab, c
A, ωabm, A
A
m, T
a
mn, R
a
bmn, F
A
mn) . (3.9)
This formula collects in a very elegant and simple expression the solution of the descent
equations (3.4).
In particular, it states the important result that:
To find a non-trivial solution of the ladder (3.4) it is sufficient to replace the
variable ηa with (ηa − ea) in the 0-form cocycle ΩG+N0 which belongs to the
local cohomology of the BRST operator s.
The expansion of ΩG+N0 (η
a − ea, θab, c
A, ωabm, A
A
m, T
a
mn, R
a
bmn, F
A
mn) in powers
of the 1-form vielbein ea yields then all the searched cocycles ΩG+N−pp .
Let us conclude by remarking that expression (3.9) represents a deeper understanding
of the algebraic properties of the gravitational ladder (3.4) and of the role played by the
vielbein ea and the associated ghost ηa.
4 Chern-Simons terms and gauge anomalies
In this section we will focus on the invariants and anomalies in the Yang-Mills sector.
Other examples of non-trivial explicit solutions of the consistency condition (1.1) in the
presence of gravity can be found e.g. in [21, 22].
For the sake of clarity and to make contact with the results obtained in [14, 13], let
us discuss in detail the construction of the three-dimensional Chern-Simons term. In this
case the tower (3.4) takes the form
sΩ03 + dΩ
1
2 = 0 ,
sΩ12 + dΩ
2
1 = 0 ,
sΩ21 + dΩ
3
0 = 0 ,
sΩ30 = 0 , (4.1)
where, according to eq.(3.5),
Ω21 = δΩ
3
0 ,
Ω12 =
δ2
2!
Ω30 ,
Ω03 =
δ3
3!
Ω30 . (4.2)
In order to find a solution for Ω30 we use the following redefined ghost variables:
cˆA = AAmη
m + cA ,
FˆA =
1
2
FAmnη
mηn , (4.3)
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which, from eq.(3.1), transform as
δcˆA = −AA , δFˆA = −FAmne
mηn . (4.4)
For the cocycle Ω30 one then has
Ω30 =
1
3!
fABC cˆAcˆB cˆC − FˆAcˆA , (4.5)
from which Ω21, Ω
1
2, and Ω
0
3 are computed to be
Ω21 = −
1
2
fABCAAcˆB cˆC + FˆAAA + FAmne
mηncˆA , (4.6)
Ω12 =
1
2
fABCAAAB cˆC − FAmne
mηnAA − FAcˆA , (4.7)
Ω03 = −
1
6
fABCAAABAC + FAAA . (4.8)
In particular, expression (4.8) gives the familiar three-dimensional Chern-Simons term.
Finally, let us remark that the cocycle Ω12 of eq.(4.7), when referred to dimension N = 2,
reduces to the expression
Ω12 = −(dA
A)cA , for N = 2 , (4.9)
which directly gives the two-dimensional gauge anomaly.
Analogous, for the 0-form cocycle Ω50 in five dimensions one gets
Ω50 = d
ABC cˆAFˆBFˆC −
1
4
dABCfCKLcˆAFˆB cˆK cˆL
+
1
40
dABCfBMNfCKLcˆAcˆM cˆN cˆK cˆL , (4.10)
which leads to the five-dimensional Chern-Simons term
Ω05 = −d
ABCAAFBFC +
1
4
dABCfCKLAAFBAKAL
−
1
40
dABCfBMNfCKLAAAMANAKAL , (4.11)
where dABC is the invariant totally symmetric tensor of rank three
dABC =
1
2
Tr
(
TA
{
TB, TC
})
, (4.12)
and TA are the generators of a finite representation of the gauge group G.
The corresponding cocycle Ω14 is given by
Ω14 = −d
ABC cˆAFBFC − 2dABCAAFBFCmne
mηn
+
1
2
dABCfCMNAAFBAM cˆN +
1
4
dABCfCMNAAFBmne
mηnAMAN
+
1
4
dABCfCMN cˆAFBAMAN −
1
8
dABCfBMNfCKLcˆAAMANAKAL , (4.13)
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which, when referred to dimension N = 4, reduces to the expression
Ω14 = −d
ABCcAFBFC +
1
2
dABCfCMNAAFBAMcN
+
1
4
dABCfCMNcAFBAMAN −
1
8
dABCfBMNfCKLcAAMANAKAL , (4.14)
which represents the four-dimensional gauge anomaly.
Generally, in (2k− 1) dimensions one has for the 0-form cocycle Ω2k−10 (see Appendix
B) the formula in matrix notation, i.e. cˆ = cˆATA and Fˆ = FˆATA,
Ω2k−10 = −k Tr
1∫
0
dt cˆFˆ (t)k−1 , (4.15)
where FˆA(t) is defined as
FˆA(t) = tFˆA +
1
2
t(t− 1)fABC cˆB cˆC . (4.16)
According to eq.(3.5) one easily finds the corresponding (2k − 1)-dimensional Chern-
Simons terms:
Ω02k−1 =
δ2k−1
(2k − 1)!
Ω2k−10
= k Tr
1∫
0
dt AF (t)k−1 , (4.17)
where FA(t) is given by
FA(t) = tFA +
1
2
t(t− 1)fABCABAC . (4.18)
Let us make here a remark concerning the cancelation of the terms which contain the
local translation ghost η in the cocycles Ω12k−2 for the anomalies in (2k − 2) dimensions.
The gauge anomalies have their cohomological origin in the 0-form cocycles Ω2k−10 of (4.15),
but one has to note that the dimension is now reduced to (2k − 2). Taking into account
that in a N -dimensional spacetime the product of (N + 1) ghost fields ηa automatically
vanishes, it is easily seen that Ω2k−10 can only contain at most (2k − 2) local translation
ghosts η. Therefore, from the decomposition (3.1) and the solution of the ladder (3.5)
follow that the gauge anomalies Ω12k−2 cannot contain the local translation ghost η. So,
all terms with η in Ω12k−2 are identically zero and one can simply drop them.
5 The G-operator
This section is devoted to the analysis of the influence of diffeomorphisms at solving the
descent equations (3.4). In the presence of diffeomorphisms one has with (3.3)
2G = [d, δ] = 0 . (5.1)
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From the decomposition (3.2) follows for the redefined gauge ghost (4.3):
δcˆA = −AA . (5.2)
By making the limit η → 0 one obtains a new decomposition
lim
η→0
δcˆA = δ¯cA = −AA . (5.3)
We remark, that this decomposition implies now a non-vanishing G¯-operator. To see this
explicitly let us discuss in detail the decomposition of the 1-form gauge field AA for the
cases with and without diffeomorphisms. In the first case, with the help of eq.(2.44), one
has
− [s, δ]AA = δsAA = δ(dcˆA + fABC cˆBAC − FAmne
mηn)
= δdcˆA + 2dAA = dAA , (5.4)
and one gets
δdcˆA = −dAA = dδcˆA ⇐⇒ GcˆA = 0 . (5.5)
In the absence of diffeomorphisms, i.e. in the limit η → 0, above result holds no more:
−
[
s, δ¯
]
AA = δ¯sAA = δ¯(dcA + fABCcBAC)
= δ¯dcA − fABCABAC = dAA , (5.6)
which gives
δ¯dcA = dAA + fABCABAC 6= dδ¯cA =⇒ G¯cA 6= 0 . (5.7)
So one can see that the diffeomorphisms carry in some sense the action of the G¯-operator.
6 Conclusion
The algebraic structure of Yang-Mills gauge field theory in the presence of gravity with
torsion has been analyzed in the context of the Maurer-Cartan horizontality formalism
by introducing an operator δ which allows to decompose the exterior spacetime deriva-
tive as a BRST commutator. Such a decomposition gives a simple and elegant way of
solving the Wess-Zumino consistency condition corresponding to invariant Lagrangians
and anomalies. The same technique can be applied to the characterization of the Weyl
anomalies [37].
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Appendices
A Chern-Simons formula
To find a general formula for Chern-Simons terms in (2k − 1) dimensions one introduces
the interpolating 1-form gauge field AA(t), t ∈ [0, 1] in the following way [11]:
AA(t) = tAA , (A.1)
with AA(0) = 0 and AA(1) = AA. The associated 2-form field strength FA(t) is then
given by
FA(t) = dAA(t) +
1
2
fABCAB(t)AC(t)
= tdAA +
1
2
t2fABCABAC
= tFA +
1
2
t(t− 1)fABCABAC , (A.2)
with FA(0) = 0 and FA(1) = FA. For simplicity one can define a covariant derivative Dt
with respect to A(t) according to
Dt = d+ A(t) . (A.3)
With the help of this covariant derivative one easily finds the following identities:
dFA(t)
dt
= dAA + tfABCABAC ,
DtA
A = dAA + fABCAB(t)AC
= dAA + tfABCABAC =
dFA(t)
dt
, (A.4)
and the Bianchi identity
DtF
A(t) = dFA(t) + fABCAB(t)FC = 0 . (A.5)
We are now able to derive the Chern-Simons formula by starting with the corresponding
Chern character in dimension 2k and using above identities:
Tr(F k) = Tr
1∫
0
dt
d
dt
F (t)k
= k Tr
1∫
0
dt
(
dF (t)
dt
)
F (t)k−1
= k Tr
1∫
0
dtDt
(
AF (t)k−1
)
= kd Tr
1∫
0
dt AF (t)k−1
= dΩ02k−1 , (A.6)
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where the Chern-Simons term in (2k − 1) dimensions is now given by
Ω02k−1 = k Tr
1∫
0
dt AF (t)k−1 . (A.7)
B 0-form cocycles for Chern-Simons terms and for
gauge anomalies
In this appendix we derive first the general 0-form cocycle Ω2k−10 (4.15) in (2k−1) dimen-
sions, which leads by applying the operator δ to the Chern-Simons formula (A.7). In a
second step we show that this cocycle is BRST-invariant and non-trivial, i.e. that Ω2k−10
identifies a cohomology class of the BRST operator.
Since the decomposition δ (3.1) acts exclusively on the local translation ghost ηa one
has only to substitute the forms in (A.1) and (A.2) by the corresponding ghost fields.
Taking into account (4.3) and (4.4), we make the following substitutions:
AA −→ −cˆA ,
FA −→ FˆA . (B.1)
The associated interpolated ghost field strength FˆA(t) is given by
FˆA(t) = tFˆA +
1
2
t(t− 1)fABC cˆB cˆC . (B.2)
One can now conclude from (A.7) to the 0-form cocycle Ω2k−10 in (2k − 1) dimensions
according to
Ω2k−10 = −k Tr
1∫
0
dt cˆFˆ (t)k−1 . (B.3)
With the help of eq.(3.5) one easily regains the corresponding (2k−1)-dimensional Chern-
Simons term:
Ω02k−1 =
δ2k−1
(2k − 1)!
Ω2k−10
= k Tr
1∫
0
dt AF (t)k−1 . (B.4)
To prove the BRST invariance of (B.3) we recall the BRST transformations of cˆA and
FˆA:
scˆA =
1
2
fABC cˆB cˆC − FˆA ,
sFˆA = fABC cˆBFˆC , (B.5)
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or in matrix notation
scˆ = cˆcˆ− Fˆ ,
sFˆ =
[
cˆ, Fˆ
]
, (B.6)
with cˆ = cˆATA and Fˆ = FˆATA, whereby TA are the generators of the gauge group.
Moreover, eq.(B.2) can be expressed in a way as below:
Fˆ (t) = t2cˆcˆ− tscˆ . (B.7)
Analogous to (A.3) we define an interpolating covariant BRST operator St according to
St = s− cˆ(t) , cˆ(t) = tcˆ , (B.8)
which obeys the following identities:
StFˆ (t) = 0 ,
Stcˆ = scˆ− 2tcˆcˆ = −
d
dt
Fˆ (t) . (B.9)
Finally, by using above relations one gets:
sΩ2k−10 = −k Tr
1∫
0
dt s
(
cˆFˆ (t)k−1
)
= −k Tr
1∫
0
dt
[
St
(
cˆFˆ (t)k−1
)
+
{
cˆ(t), cˆFˆ (t)k−1
}]
= k Tr
1∫
0
dt
[
dFˆ (t)
dt
Fˆ (t)k−1
]
. (B.10)
We remark that the second term in the second line of (B.10) is identically equal to zero.
The BRST transformation of Ω2k−10 is now given by
sΩ2k−10 =
1∫
0
dt
d
dt
Tr
(
Fˆ k(t)
)
= Tr
(
Fˆ k(t)
)∣∣∣1
0
= TrFˆ k . (B.11)
From the definition (4.3) and taking into account that in an N -dimensional spacetime
the product of (N + 1) ghost fields η automatically vanishes, it follows that the 0-form
cocycle Ω2k−10 given by (B.3) is BRST-invariant:
sΩ2k−10 =
1
2k
Tr (Fm1n1Fm2n2.....Fmknkη
m1ηn1ηm2ηn2.....ηmkηnk) = 0 . (B.12)
To finish the proof that Ω2k−10 belongs to a cohomology class of the BRST operator
one has also to show that it is a non-trivial solution, i.e.
sΩ2k−10 = 0 , Ω
2k−1
0 6= sΩˆ
2k−2
0 . (B.13)
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For this reason we define a filtering operator N as follows:
N = θ
∂
∂θ
+ c
∂
∂c
+ ω
∂
∂ω
+ T
∂
∂T
+R
∂
∂R
+ F
∂
∂F
, (B.14)
which induces a separation on the BRST transformations (2.45) and (2.48) of the elemen-
tary 0-form fields according to
s(0)ηa = 0 ,
s(0)θab = −η
k∂kθ
a
b ,
s(0)cA = −ηk∂kc
A ,
s(0)ωabm = −∂mθ
a
b − η
k∂kω
a
bm ,
s(0)AAm = −η
k∂kA
A
m ,
s(0)T amn = −η
k∂kT
a
mn ,
s(0)Rabmn = −η
k∂kR
a
bmn ,
s(0)FAmn = −η
k∂kF
A
mn . (B.15)
The general 0-form cocycle Ω2k−10 can be rewritten as
Ω2k−10 = −k Tr
1∫
0
dt
{
cˆ
(
tFˆ + t(t− 1)cˆcˆ
)k−1}
= −k Tr
1∫
0
dt tk−1
{
(t− 1)k−1cˆ2k−1 + .....
}
= −k
1∫
0
dt ∆(t) . (B.16)
The filtration (B.14) induces now a separation on ∆(t)
∆(t) = ∆(0)(t) +
p¯∑
p≥1
∆(p)(t) , (B.17)
where ∆(0)(t) is given by
∆(0)(t) = α(t)∆(0) = α(t)Tr (Amη
m)2k−1 . (B.18)
A possible triviality of Ω2k−10 would imply at the level of the integrands
∆(0) = s(0)∆ˆ(0) = s(0)Tr (Amη
m)2k−2 , (B.19)
but from the fith eq. of (B.15) follows that above equation has no solution. Therefore the
0-form cocycle Ω2k−10 is a non-trivial solution of the BRST cohomology
Ω2k−10 6= sΩˆ
2k−2
0 , (B.20)
because of the fact that the cohomology of s is isomorphic to a subspace of the cohomology
of s(0) [19, 38].
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